In this article we show how to calculate the group of automorphisms of the flat Kähler manifolds. Moreover we are interested in the problem of classification such manifolds up to biholomorphism. We consider these problems from two points of view. The first one treats the automorphism group as a subgroup of the group of affine transformations, while in the second one we analyze it using automorphisms of complex tori. This leads us to the analogues of the Bieberbach theorems in the complex case. We end with some examples, which in particular show that in general the finiteness of the automorphism group depends not only on the fundamental group of a flat manifold.
Introduction
Let Γ be a Bieberbach group of dimension n, i.e. a discrete, cocompact and torsion-free subgroup of the group Isom(R n ) = O(n) ⋉ R n of isometries of the Euclidean space R n . Let L ⊂ R n be a group of vectors which define all possible translations in Γ. We have the following short exact sequence
where i(l) = (1, l) and r(A, a) = A for every l ∈ L, (A, a) ∈ Γ. Recall that by the first Bieberbach theorem, L is a free abelian group of rank n, it spans the space R n and G is a finite group. Moreover the G-module structure on L is defined by the holonomy representation of Γ as follows:
where g ∈ G, l ∈ L and r(γ) = g. Let the extension (1.1) correspond to the cohomology class α ∈ H 2 (G, L). Such a class (i.e. corresponding to a torsion-free extension) is called special. In this case the quotient space R n /Γ is a compact Riemannian manifold M n of dimension n with the Riemann curvature tensor equal to zero, a flat manifold for short.
In this article we shall consider a flat manifolds with a complex structure, i.e. flat Kähler manifolds. Recall that R n /Γ has a complex structure if and only if ϕ is essentially complex, i.e. n is an even number and each R-irreducible summand of ϕ which is also C-irreducible occurs with an even multiplicity, see [10, Proposition 7.2] . In this case we can consider a group Γ as a discrete subgroup of U( n 2 ) ⋉ C n 2 (see [10, Proposition 7 .1 (iii)]). Equivalently, L admits a complex structure, i.e. a matrix J ∈ GL(n, R) s.t. J 2 = −1 and Jϕ(g) = ϕ(g)J for every g ∈ G (see [5, Proposition 3 
.1]).
Let M ≃ R 2n /Γ ≃ C n /Γ be a flat Kähler manifold of a complex dimension n with a fundamental group Γ. From [10, Chapter 5] we know that Aff(M)/ Aff 0 (M) = Out(Γ), where Aff(M) is the group of affine selfequivalences of the manifold M and its identity component Aff 0 (M) is a torus of the dimension equal to the first Betti number of M. By [10, page 66] we can define the group Aff(M) as follows:
wheref denotes a lift of f in the universal covering space R 2n of M. In our paper we shall consider automorphisms (i.e. biholomorphic selfmaps) of flat Kähler manifolds. First, observe that if (M, J) is a flat manifold M with a complex structure J, then by definition any biholomorphic map f : M → M satisfies df • J = J • df . Moreover, [1, Proposition 2.1] implies that f lifts to an affine mapf . This justifies the following definition: Definition 1.1 Let M be a flat Kähler manifold with a complex structure
The paper consists essentially of two parts. In the first part we consider the case when we start with a flat manifold and equip it with a complex structure. Section 2 deals with complex analogues of two so-called 9-diagrams for affine self-equivalences of flat manifolds and outer automorphisms of their fundamental groups, described in [10] and [2] . In Section 3 we extend well known classification criteria of flat manifolds to the case of Kähler flat manifolds.
The second part of the paper begins with Section 4, in which results from the previous sections are reformulated. Any flat Kähler manifold is a quotient of a complex torus by a finite group acting freely. From this point of view, we are able to describe automorphism group as well as to find biholomorphism classes in terms of some subgroups of the automorphism group of a complex torus. In the conclusion we formulate complex analogues of Bieberbach theorems. We make use of derived results in the next section. It is devoted to some examples, showing differences between groups of automorphisms and affine transformations.
Basic diagram
Let Γ be a Bieberbach group which fits into the short exact sequence (1.1). Let GL(L) be the group of those real matrices which define automorphisms of L:
In other words, GL(L) = B GL(n, Z)B −1 , where B ∈ GL(n, R) is a matrix whose columns form a basis of L. Let N(G) be the normalizer of G in the group GL(L):
Note that we have identified G with its image ϕ(G) ⊂ GL(L). Let N α denotes the stabilizer of α ∈ H 2 (G, L) -which corresponds to the extension (1.1) -under the action * which is induced from the action on cocycles as follows:
where n ∈ N(G), a, b ∈ G and f : G × G → L is a 2-cocycle (see [10, page 65] ). Then by the [10, Theorem 5.1] we have commutative Diagram 1 with exact rows and columns, where Aut 0 (Γ) is a group of all automorphisms of Γ which can be defined by the conjugation by some pure translation of R n . Let M = R n /Γ be the flat manifold with the fundamental group Γ. By the results presented in [2, Section V.6] we have commutative Diagram 2 with exact rows and columns, where N(Γ) denotes the normalizer of Γ in the group Aff(R n ) = GL(n, R) ⋉ R n , the groups L G and (R n ) G are the groups of fixed points under the action (left multiplication) of G on L and R n respectively. Let us note some basic facts:
1. If (A, a) and (B, b) define the same automorphism of Γ then A = B.
2. If (A, a) and (B, b) are lifts of the same affine self-equivalence of M then A −1 B ∈ G.
3. N α = r(N(Γ)) = {df |f ∈ N(Γ)}, i.e. it is a group of differentials of all possible lifts of elements of Aff(M).
The proof of the above lemma takes advantage of diagrams 1 and 2 as well as the description differential structure of flat manifolds presented in [2, pp. 50-52] . Now assume that n is even and that a matrix J ∈ GL(n, R) defines a complex structure on M. Let f ∈ Aff(M) and (A, a) be a lift of f . We get that
We immediately get
i((R
The diagrams 3 and 4 are the analogs of diagrams 1 and 2 in the complex case.
At the end of the section let us note that we can link diagrams 1 with 2 and 3 with 4 and get commutative diagrams 5 and 6 respectively, by doing quite easy diagram chase. Helpful, for understanding certain part of the diagrams, description of H 1 (G, L) may be found in [7, Section 4.2] . Note that for every line in both diagrams the first arrow is a monomorphism and the second one -epimorphism. The groups which were not yet defined include:
• Z(Γ) -the center of Γ,
• N 0 (Γ) -the group of all possible translations in N(Γ),
• T G -the group of fixed points of the action of G on the torus T = R n /Z n .
Classification problem
Let the pairs (Γ, J) and (Γ ′ , J ′ ) define Kähler flat manifolds, i.e. Γ, Γ ′ ⊂ Iso(R n ) are Bieberbach groups and J, J ′ ∈ GL(n, R) define complex structures on the flat manifolds X = R n /Γ, X ′ = R n /Γ ′ respectively, where n is an even integer.
Assume that the manifolds X and X ′ are biholomorphic and let f : X → X ′ be any biholomorphism. The groups Γ and Γ ′ are isomorphic and if
Moreover in this case we get
The above considerations show that in the classification problem of biholomorphic flat Kähler manifolds it is enough to look at the extensions of the form (1.1) with the same almost complex structure J. Let Γ and Γ ′ be extensions of L by G as in (1.1), defined by the cohomology classes α, α ′ ∈ H 2 (G, L) respectively. The above formulas give us the following theorem:
The flat Kähler manifolds X = R n /Γ and X ′ = R n /Γ ′ , both with the same almost complex structure J, are biholomorphic if and only if there exists A ∈ N(G) such that
Corollary 3.2 The set of biholomorphism classes of flat Kähler manifolds of the form R n /Γ with the almost complex structure J and for which the group Γ fits into the short exact sequence (1.1) is in one to one correspondence with the orbits of the action * of the group
Diagram 3: Basic diagram for Bieberbach group with an almost complex structure 
Automorphisms of quotients of complex tori
By the results of previous sections it is possible to compute biholomorphism group of a flat Kähler manifold (with fixed complex structure J) or to find all biholomorphism classes of flat Kähler manifolds with the same fundamental group Γ and fixed complex structure J. In some cases these computations can be done with the help of computer package CARAT ( [9] ). However, we will rephrase our results in the following way. Assume, that a flat Kähler manifold M is defined -as in the previous section -by a pair (Γ, J) where Γ ⊂ Iso(R 2n ). Since Γ fits into short exact sequence 0
/L is a complex torus (with a complex structure J) and M = T /G, whereG is a subgroup of the group Aut(T ), isomorphic to G. Recall that if T is a complex torus, then we have the following short exact sequence:
where Aut 0 (T ) is the group of all biholomorphic homomorphisms of T . Since L is maximal then groupG may be identified with a class α ∈ H 1 (G,
, where we regard G as a subgroup π(G) of Aut 0 (T ).
Definition 4.1 Let M = T /G be a flat Kähler manifold and assume thatG corresponds to a cohomology class α ∈ H 1 (G, T ). Then we define following groups:
where a ∈ G, n ∈ N Aut 0 (T ) (G) and f : G → T is one-cocycle.
Note that N α defined above differ from the one defined in Section 2 and is in fact isomorphic to the group N J α (for an appropriate complex structure J). Corollary 3.2 may be then rephrased in the following way:
Theorem 4.1 Let T be a complex torus and G ⊂ Aut 0 (T ) be a finite group. Then biholomorphism classes of flat Kähler manifolds of the form T /G correspond bijectively to the orbits of special cohomology classes α ∈ H 1 (G, T ) under action of N Aut 0 (T ) (G).
Moreover, an immediate consequence of Diagram 6 is: Theorem 4.2 Let T be a complex torus, G ⊂ Aut 0 (T ) be a finite group and α ∈ H 1 (G, T ) a special cohomology class. If M is a flat Kähler manifold corresponding to α then the group Aut(M) of automorphisms of M is an extension of the form: Let us consider abelian variety
and E ξ denotes elliptic curve C/(Z + ξZ). Let G < Aut 0 (T ) be the group generated by g 1 = (1, ξ, ξ, ξ) and g 2 = (ξ, 1, ξ, ξ 2 ). We shall show that there exists an element of H 1 (G, T ) which defines fixed-point free action of Z 2 3 on T .
Let z ∈ Z 1 (G, T ) be a 1-cocycle. Adding a suitable coboundary we may assume that z(g 1 ) = (a, 0, 0, 0) and z(g 2 ) = (0, b, c, d). Since every element of G has order 3, then the points a, b, c, d are 3-torsion points of T . Moreover since G is abelian, then we get that the points a, b, c, d satisfy an equation ξx = x. There are exactly three 3-torsion points with that property and we have to choose non-zero points, since the group of biholomorphisms of T defined by z has to act freely. Thus a, b, c, d ∈ {± 1 3 (1 − ξ)}. Fix a choice of a, b, c, d and let Γ be the fundamental group of M = T /G, whereG is an extension defined by z. The integral holonomy representation of Γ is given by matrices:
where I is the 2 × 2 identity matrix and
T ′ /G is another flat complex manifold with the same integral holonomy, then T ′ is biholomorphic to T . It follows from the fact that this representation determines decomposition of the lattice L which yields decomposition of the torus T = C n /L as a product of four elliptic curves, each of them allowing faithful action of Z 3 . Moreover the action of the holonomy group is unique up to conjugacy in Aut 0 (T ).
Let us compute the normalizer of G in Aut 0 (T ). Denote constituents of T as E 1 , E 2 , E 3 and E 4 . Observe, that if n ∈ N Aut 0 (T ) (G) is a permutation of the curves E i , then it fixes E 1 and it may be any permutation of the remaining curves. This follows from the fact, that g 1 cannot be conjugated in Aut 0 (T ) to any other element of G, and E 1 is the only curve on which g 1 acts trivially. On the other hand, if n ∈ N Aut 0 (T ) (G) fixes all curves E i , then it may act on any of them by an element of the group −ξ ≃ Z 6 . Thus
Now it is easy to observe, that under action of N Aut 0 (T ) (G) on the H 1 (G, T ) all cohomology classes corresponding to fixed-point free actions are in the same orbit. Summing up, there is only one complex flat manifold M with the integral holonomy ̺ up to biholomorphism.
In the next step we compute the group Aut(M). Since the action of G on
(each constituent is generated by 1 3 (1 − ξ)). In order to calculate N α we need to fix a cohomology class of H 1 (G, T ), or equivalently fix a choice of 3-torsion points a, b, c, d, for example all equal to 1 3 (1 − ξ). For this class α we have that N α is exactly Z 
The group of all affine automorphisms of underlying real manifold of M is also a finite group. One can check, using for example algorithms presented in [7] that its order is 34992, and the index of Aut(M) in Aff(M) is 8.
Complex Hantzsche-Wendt threefolds
As our next example, we will examine complex Hantzsche-Wendt manifolds (or shortly -CHW manifolds) of complex dimension 3. By definition, these are complex flat manifolds with holonomy group Z 2 2 ⊂ SU(3) (see [4] ). There are four possible integral holonomy representations. However, for simplicity we will assume that the integral holonomy is diagonal. All CHW threefolds with this property are diffeomorphic, and their fundamental group has CARAT symbol min.185.1.1.21. Still, there are infinitely many such manifolds up to biholomorphism, which follows from the structure theorem of [4] . In our case this theorem simplifies to the following statement:
Theorem 5.1 Manifold M is a CHW threefold with diagonal integral holonomy representation if and only if M is a orbit space T /G, where T = E 1 × E 2 × E 3 is a product of some elliptic curves andG is a group generated by mappingsg 1 ,g 2 : T → T such that:
where a 1 , b 2 and a 3 − b 3 are non-zero 2-torsion points of the elliptic curves E 1 , E 2 and E 3 respectively.
is a cocycle associated to M, then adding a suitable coboundary we may assume that z(g 1 ) = (a, 0, 0) and z(g 2 ) = (0, b, c), where a, b, c are non-zero 2-torsion points. In contrary to the previous case, we may choose infinitely many different complex structures on T (using three parameters). Moreover, we shall show that biholomorphism class of M is not uniquely determined by the complex structure on T and a number of non-biholomorphic CHW manifolds covered by the same complex torus T depends on the complex structure of T .
Observe, that the group Aut 0 (T ) can be finite (in generic case where T is a product of pairwise non-isomorphic elliptic curves) or infinite. However, the normalizer of G in Aut 0 (T ) is always a finite group. Assume that n ∈ N Aut 0 (T ) G. Then:
(i) if n centralizes G then it acts on each elliptic curve E k via an element of Aut 0 (E k ) (a group isomorphic to Z 2 , Z 4 or Z 6 ),
(ii) if n does not centralize G, then it has to permute elliptic curves E 1 , E 2 and E 3 (since complex holonomy representation has three pairwise non-isomorphic constituents). However it is possible only when some of elliptic curves E k are biholomorphic.
Summing up:
where S is group of permutations of a set of those indices k ∈ {1, 2, 3} for which elliptic curves E i are biholomorphic.
As we have observed, cohomology classes of the group H 1 (G, T ) corresponding to torsion-free extensions can be parametrized by a, b, c -non-zero 2-torsion points of curves E 1 , E 2 and E 3 . Let E τ = C/(Z + τ Z) be an elliptic curve. The action of Aut 0 (E) on set of non-zero 2-torsion points of E has:
• one orbit
3 ,
• two orbits when τ = i,
• three one-element orbits if E τ is not biholomorphic to any of the two previous elliptic curves.
To calculate the number of orbits of the action of N Aut T (G) on special cohomology classes it is now enough to see that if n ∈ N Aut T (G) does not centralize G, then its action is just an appropriate permutation of points a, b and c.
Example 5.1 Let T = E 1 × E 2 × E 3 and m be a number of CHW manifolds with diagonal holonomy covered by T .
1. If all elliptic curves E 1 , E 2 , E 3 are biholomorphic to E ξ , where ξ = e πi 3 , then m = 1.
2. If none of elliptic curves E 1 , E 2 , E 3 is biholomorphic to E ξ or E i and any two of them are not biholomorphic, then m = 27.
Related two cohomology classes can be parametrized for example by (a, b, c) = (
) and
).
Corollary 5.2 Let Γ be the fundamental group of a CHW threefold with diagonal holonomy representation. Then the moduli space of complex structures on R 6 /Γ is connected. 
is generated by transposition on two first elliptic curves and by −id on each of the three curves). Similarly if β correspond to the values (a 
Finiteness of Aut M
It is known that the finiteness of the group Aff(M) of a flat manifold M depends only on its fundamental group (even more, on the Q-isomorphism class of its holonomy representation, see [10, Theorem 5.3] ). However for the automorphism group Aut(M) of a flat Kähler manifold situation is much different.
Let us consider some examples which will be obtained by the following procedure. Let M be a flat n-manifold with holonomy representation ̺ defined by a cohomology class α ∈ H 2 (G, Z n ). For any subrepresentation σ of ̺ of degree k there exists a flat (n + k)-manifold M ′ with the same holonomy group and holonomy representation ̺ ⊕ σ (it may be defined by a class 
We may set T = E 1 ×E 2 ×T 3 in such a way that E 1 , E 2 are elliptic curves, T 3 a complex 2-torus and Aut 0 (T ) = Aut 0 (E 1 )×Aut 0 (E 2 )×Aut 0 (T 3 ). Then there existsG ⊂ Aut(T ) such that underlying real manifold of T /G is M ′ . Moreover N Aut 0 (T ) (G) = Aut 0 (T ), and in consequence the finiteness of Aut(T /G) depends only on the finiteness of Aut 0 (T 3 ). As there exist complex 2-tori with finite and infinite automorphism groups, we see that the finiteness of the group Aut(M ′ ) depends on the choice of the complex torus T . Next example is obtained in similar way from the manifold with holonomy Z ⋊ S where S is a cyclic group generated by permutation (1, 2)(4, 5)). This time the finiteness of the automorphism group depends on the choice of the action of the holonomy group on T (we may also say, on the complex holonomy representation).
Open questions
Let us end up with two questions, for which we hope to find an answer in the future. 
